In this paper, we find the solutions of fourth order fractional boundary value problems by using the reproducing kernel Hilbert space method. Firstly, the reproducing kernel Hilbert space method is introduced and then the method is applied to this kind problems. The experiments are discussed and the approximate solutions are obtained to be more correct compared to the other obtained results in the literature.
Introduction
Boundary value problems come into view in many areas of science and engineering [1] . Many numerical methods have been presented for solving boundary value problems recently [2] . Wazwaz [3] has presented a modified decomposition method for investigating a special class of fourth order boundary value problems. The series solution of fourth order boundary value problems has been investigated by Adomian decomposition method in [4] . The differential transform method was implemented in [5] for series solution of fourth order boundary value problems. The approximate solution of two-point fourth order boundary value problems utilizing non-polynomial quintic spline functions have been given in [6, 7] . Lodhi and Mishra [8] have enhanced a numerical method for solving fourth order boundary value problems utilizing quintic B-spline functions. A numerical technique depending on non-polynomial spline functions has been applied in [9] for the numerical solution of self-adjoint singularly perturbed fourth order boundary value problems. Akram and Amin [10] have applied quintic spline collocation method for approximate solution of singularly perturbed fourth order boundary value problems.
Fractional order boundary value problems have taken much interest by many investigators due to their implementations in many areas of science and engineering. Recently, much attentions have been given to investigate fractional order differential equations [11] .
We take into consideration the following fourth order fractional boundary value problems arising in plate deflection theory by the reproducing kernel Hilbert space method.
subject to the end conditions
where a i s, b i s, (i = 1, 2) are real constants and 0 ≤ γ ≤ 1. p(z) and g(z) are continuous on the [a, b] . Let H be a Hilbert space of functions on some set X, which every point consideration at points in X are continuous in the norm of H. Such space H, can be given by a positive definite kernel. This fact is first presented by Aronszajn [12] . These Hilbert spaces are called the reproducing kernel Hilbert spaces [13] .
Arqub [14] has found the approximate solutions of DASs with nonclassical boundary conditions using a novel reproducing kernel algorithm. Arqub [15] has investigated the reproducing kernel algorithm for handling differential algebraic systems of ordinary differential equations. Arqub [16] has applied a fitted reproducing kernel Hilbert space method for the solutions of some certain classes of time-fractional partial differential equations subject to initial and Neumann boundary conditions. Azarnavid et al. [17] have investigated the Picard-reproducing kernel Hilbert space method for solving generalized singular nonlinear Lane-Emden type equations. Azarnavid et al. [18] have found multiplicity results by shooting reproducing kernel Hilbert space method for the catalytic reaction in a flat particle. Azarnavid et al. [19] have used an iterative kernel based method for fourth order nonlinear equation with nonlinear boundary condition.
We arrange the paper as: The main notions of fractional calculus are given in Section 2. The reproducing kernel Hilbert space method for fourth-order fractional order differential equations is presented in Section 3. The numerical results and discussions are presented in Section 4. The conclusion is presented in the last section.
Preliminaries and Notations
We give some definitions of fractional calculus in this section. There are many definitions of fractional derivatives. The definitions of Riemann-Liouville fractional integral and Caputo's fractional derivative are presented as [17] : Definition 1. The Riemann-Liouville left and right fractional integral of order γ > 0 is given as [11] :
and
where Γ defines the Gamma function.
Definition 2. The Riemann-Liouville fractional derivative of order γ > 0 is presented as [11] :
Definition 3. The Caputo's fractional derivative of order γ > 0 is presented as [11] :
Lemma 1. Assume that f and g are analytic functions on (a − h, a + h) and let 0 < γ ≤ 1. Then we have [11] :
Reproducing Kernel Hilbert Space Method
We will construct reproducing kernel Hilbert spaces to solve the problem.
is the first reproducing kernel Hilbert space that we need.
The inner product and norm for this reproducing kernel Hilbert space are defined by:
Lemma 2. The reproducing kernel function U z of V 1 2 [0, 1] is obtained as:
Definition 5. We construct the reproducing kernel Hilbert space V 5 2 [0, 1] as:
The inner product and the norm for this special Hilbert space is defined as: 
where, a y (x) = The reproducing kernel function A y (x) is symmetric. Therefore, when exchange x and y in a y (x), we will obtain b y (x). 
y (z)r (z)dz.
Since A 
y (z)r (z)dz. Therefore, we reach
We have 
Thus, the proof is completed.
We investigate the solutions of the problem (1) and (2) in the reproducing kernel Hilbert space V 5 2 [0, 1]. We need to homogenize the conditions to apply the reproducing kernel Hilbert space method. We use the following transformation to homogenize these conditions.
After using the above transformation we obtain the following problem:
where
Lemma 3. H is a bounded linear operator.
Proof. We will show Hv
, where P is a positive constant. We know
We obtain
. At last we obtain
where P = P 2 1 + P 2 2 is a positive constant. This completes the proof.
We construct a i (z) = U z i (z) and ψ i (z) = H * a i (z), where H * is conjugate operator of H. The orthonormal system ψ i (z)
Theorem 2. If v(z) is the exact solution of (8) and (9), then we obtain
Proof. We prove this theorem by using the reproducing property, the features of adjoint operator and the complete system as:
This completes the proof.
The approximate solution v n (z) can be obtained as:
Numerical Experiments
Two test examples have been taken into consideration to demonstrate the accuracy of the reproducing kernel Hilbert space method in this section. The numerical simulation has been executed in MAPLE 18. Example 1. We consider the fourth order fractional boundary value problem as [17] :
with the boundary conditions
We have the exact solution of the problem as z 4 (z − 1). The absolute errors for different values of γ applying the reproducing kernel Hilbert space method are given in the Table 1 . Figures 1-3 demonstrate the approximate and exact solution for γ = 1.0 and γ = 0.99.
Example 2.
We take into consideration the following fourth order fractional boundary value problem [17] :
We have the exact solution of the problem as z 6 (z γ − z 2−γ ). The absolute errors applying the reproducing kernel Hilbert space method are presented in the Table 2 . Figures 4 and 5 show numerical solutions for γ = 0.3. 
Conclusions
We studied the approximate solution of the fourth order fractional boundary value problems in this paper. We applied the reproducing kernel Hilbert space method to our problem. We demonstrated our results by tables and figures. We proved the accuracy of the reproducing kernel Hilbert space method for solutions of fourth order fractional differential equations. 
